We study the combinatorics of Gröbner degenerations of Grassmannians and the Schubert varieties inside them. We provide a family of binomial ideals whose combinatorics is governed by tableaux induced by matching fields in the sense of Sturmfels and Zelevinsky in [SZ93] . We prove that these ideals are all quadratically generated and they yield a SAGBI basis of the Plücker algebra. This leads to a new family of toric degenerations of Grassmannians. Moreover, we apply our results to construct a family of Gröbner degenerations of Schubert varieties inside Grassmannians. We provide a complete characterization of toric ideals among these degenerations in terms of the combinatorics of matching fields, permutations and semistandard tableaux.
Introduction
Computing toric degenerations of varieties is a powerful tool to extend the deep relationship between combinatorics and toric varieties to more general spaces [And13] . Given a projective variety, a toric degeneration is a flat family whose fiber over zero is a toric variety and all its other fibers are isomorphic to the original variety. Hence, toric degenerations enable us to use the tools developed in toric geometry to study more general varieties.
Toric degenerations of Grassmannians, flag and Schubert varieties have been extensively studied in the literature, see e.g. [GL96, Cal02, FFL17] . The main example of such degenerations is the Gelfand-Cetlin degeneration which is studied with semi-standard tableaux and Gelfand-Cetlin polytopes [ACK18, KM05] . For the Grassmannian, this example has been generalized, see e.g. [SS04, Wit15, RW, BFF + 18]. For example, Rietsch and Williams describe a family of toric degenerations of Grassmannians arising from plabic graphs [RW] . Recently, Kaveh and Manon have used tools from tropical geometry to study toric degenerations of ideals in general [KM16] . The main idea is that the initial ideals associated to the top-dimensional facets of tropicalizations of ideals are good candidates for toric degenerations. A similar approach has been taken in studying toric degenerations of Gr(3, n)
in [MS18] , and small flag varieties in [BLMM17] . More precisely, tropical Grassmannians defined by Speyer and Sturmfels in [SS04] , provide a nice framework for studying toric degnerations of Grassmannians. In [MS18] , Mohammadi and Shaw have used this framework together with the theory of matching fields from [SZ93] to show that every coherent matching field has a canonical toric ideal that can be identified as the toric component of the initial ideal associated to a top-dimensional facet of trop(Gr(k, n)). This, in particular, leads to a family of toric degenerations for Gr(3, n). Our work extends results from [MS18] to higher-dimensional Grassmannians.
In this work, we are interested in toric degenerations of Grassmannians and Schubert varieties inside them from the point-of-view of algebraic combinatroics. In other words, we have a positive answer to Degeneration Problem, posed by Caldero in [Cal02] , for Schubert varieties inside Grassmannians (see [FFL17] and references therein, for other such examples).
Let Λ(k, n), or Λ when there is no confusion, be a set of k × 1 tableaux of integers corresponding to all k-subsets of [n] = {1, . . ., n}. By combining tableaux from Λ side by side, we can construct larger tableaux. We say a pair of row-wise equal tableaux differ by a swap if they are the same for all but two columns. Moreover, two row-wise equal tableaux are called quadratically equivalent if they can be obtained from each other by a series of swaps. Now, let R = K[P] denote the polynomial ring with one variable associated to each k-subset of [n] . For any pair of quadratically equivalent tableaux T an T ′ one can write a binomial P T − P T ′ . The ideal J Λ ⊂ R is generated by all such binomials. In other words, two tableaux are quadratically equivalent if and only if their corresponding monomials are equal in R/J Λ . This ideal is implicitly defined by Sturmfels and Zelevinsky to address questions about determinantal varieties; Λ is the matching field defined in [SZ93] . In [FR15] , Fink and Rincón provided a link between tropical linear spaces and a specific family so-called coherent matching fields. From a combinatorial point-of-view, it is much more convenient to work with the tableau description of a matching field than the classical definition. In [MS18] Mohammadi and Shaw used the tableaux description of coherent matching fields to study the tropicalization of Grassmannians and provided a necessary combinatorial condition for a top-dimensional facet of trop(Gr(k, n)) to lead to a toric degeneration of Gr(k, n). When J Λ is quadratically generated, this condition is also sufficient. In particular, for Gr(3, n), the authors of [MS18] provided a family of matching fields, called 2-block diagonal, whose ideals are quadratically generated and hence, they lead to a family of toric degenerations of Gr(3, n). Our main result generalizes this to higher-dimensional Grassmannians and shows that, quite surprisingly, this construction leads to many non-isomorphic toric varieties.
In this paper, we study the Plücker ideals of Gr(k, n), denoted by G k,n , and their associated algebras from the point-of-view of Gröbner basis theory and SAGBI basis theory. Namely, we extend the family of block diagonal matching fields defined in [MS18] from Gr(3, n) to higher-dimensional Grassmannians (see Definition 2.3). Then, we explicitly construct a weight vector for every such matching field and we study its corresponding initial ideal in w (G k,n ) (see Definition 2.5). We prove that such ideals are equal to their corresponding matching field ideals J Λ and, in particular, they are all toric. We remark that a general matching field rarely gives rise to a toric or even a binomial initial ideal. Moreover, we prove that the initial ideals in w (G k,n ) are all quadratically generated. Note that describing a minimal generating set of toric ideals or even finding an upper bound for the degree of the generators is a difficult problem. Such questions are usually studied for special families of ideals with combinatorial structures, see e.g. [Whi80, OH99, LM14, DM14].
We describe a minimal generating set of the associated Plücker algebra of in w (G k,n ) in terms of its corresponding matching field tableaux. This is shown by explicitly constructing a SAGBI basis for the Plücker algebra. In combinatorial terms, for each matching field we construct a collection of k × 2 tableaux such that every k × 2 tableau is row-wise equal to exactly one tableau in the collection. Then, we show that this collection is in bijection with k × 2 tableaux in semi-standard form, which provide a SAGBI basis for the Plücker algebra in the Gelfand-Cetlin case. Hence, our results directly generalize the analogous results from the classical Gelfand-Cetlin case, see e.g. [MS05, Theorem 14.11].
The paper is structured as follows: In §2, we fix our notation and introduce our main objects of study. We define the Plücker ideal, block diagonal matching fields and their associated ideals. We also define Schubert varieties and their Gröbner degenerations using matching field ideals (see Definition 2.6). We phrase our goal in studying such degenerations as Question 5.1. In §3, we define tableaux arising from matching fields. Basic properties of tableaux are studied in §3.1. Moreover, in §3.2, we study the matching field tableaux from the point-of-view of algebras, and in Lemmas 3.9 and 3.10, we provide a SAGBI basis for the Plücker algebras associated to block diagonal matching fields. These are the core lemmas needed for our main results. In §4, we study the ideals of block diagonal matching fields from the viewpoint of SAGBI basis theory and Gröbner basis theory. In Theorem 4.1, we show that they are all quadratically generated. Then, we study their associated initial algebras and in Theorem 4.3, we prove that the Plücker variables form a SAGBI basis for the Plücker algebra. Hence, we obtain a family of toric degenerations of Gr(k, n). We then turn our attention to Schubert varieties in §5. Here, our main result is Theorem 5.7 in which we provide a complete characterization of toric ideals arising from block diagonal matching fields for Schubert ideals.
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Preliminaries
Throughout we set [n] := {1, . . ., n} and we use I k,n to denote the collection of subsets of [n] of size k. The symmetric group on n elements is denoted by S n . We also fix a field K with char(K) = 0. We are mainly interested in the case when K = C.
Flag varieties and Grassmannians
The set of full flags
is called the flag variety denoted by Fl n , which is naturally embedded in a product of Grassmannians using Plücker variables. Each point in the flag variety can be represented by an n × n matrix X = (x i, j ) whose first k rows generate V k which corresponds to a point in the Grassmannian Gr(k, n). Therefore, the ideal of Fl n , denoted by I n is the kernel of the map,
sending each Plücker variable P J to the determinant of the submatrix of X with row indices 1, . . . , | J | and column indices in J. Similarly, we define the Plücker ideal of Gr(k, n), denoted by G k,n , as the kernel of the map ϕ n , restricted to the ring with variables P J with | J | = k.
Schubert varieties
Let SL(n, C) be the set of n × n matrices with determinant 1, and let B be its subgroup consisting of upper triangular matrices. There is a natural transitive action of SL(n, C) on the flag variety Fl n which identifies Fl n with the quotient group SL(n, C)/B, since B is the stabilizer of the standard flag 0 ⊂ e 1 ⊂ · · · ⊂ e 1 , . . ., e n = C n . Given a permutation w ∈ S n , σ w is the n × n matrix whose only non-zero entries are 1 in position (w(i), i) for each 1 ≤ i ≤ n. By the Bruhat decomposition, we can write SL(n, C)/B = w∈S n Bσ w B/B.
Given a permutation w, its Schubert variety is
which is the Zariski closure of the corresponding cell in the Bruhat decomposition. The associated ideal of the Schubert variety X(w) is I(X(w)) = I n + P I : I ∈ S w , where
and w ℓ 1 < w ℓ 2 < · · · < w ℓ |I | is obtained by ordering the first |I | entries of w. Here, I n is the Plücker ideal defined in §2.1 and ≤ is the component-wise partial order on I k,n . Similarly, we can study the Schubert varieties inside Gr(k, n). The permutations giving rise to distinct Schubert varieties in Gr(k, n) are of the form w = (w 1 , . . ., w n ) where w 1 < · · · < w k , w k+1 < · · · < w n and w k > w k+1 . Therefore, it is enough to record the permutations of S n as w = (w 1 , . . . , w k ) which will be called a Grassmannian permutation. In this case, we take the subset S w,k = S w ∩ {I : |I | = k} of S w .
Matching fields
Following [MS18] , we define matching fields as follows. Some of the most important features of this section are that each matching field induces a canonical toric ideal, and gives rise to a weight vector for the Plücker variables P I for I ∈ I k,n .
Given integers k and n, a matching field denoted by Λ(k, n), or Λ when there is no confusion, is a choice of permutation for each I ∈ I k,n . We think of I as being identified with the Plücker form P I . Given a matching field Λ and a subset I = {i 1 , . . . , i k } ⊂ [n] we consider the set to be ordered by i 1 < · · · < i k . We think of the permutation σ = Λ(I) as inducing a new ordering on the elements of I, where the position of i s is determined by the value of σ(s). We represent the variable P I as a k × 1 tableau where the entry of (σ(r), 1) is i r .
Let X = (x i, j ) be a k × n matrix of indeterminants. To every k-subset I of [n] with σ = Λ(I) we associate the monomial x Λ(I) := x σ(1)i 1 x σ(2)i 2 · · · x σ(k)i k . The matching field ideal J Λ is defined as the kernel of the monomial map,
where sgn(Λ(I)) denotes the signature of the permutation Λ(I) for each I ∈ I k,n .
Definition 2.1. A matching field Λ is coherent if there exists an n × n matrix M with entries in R such that for every I ∈ I k,n the initial of the Plücker form
where in M (P I ) is the sum of all terms in P I of the lowest weight and the weight of a monomial m is the sum of entries in M corresponding to the variables in m. In this case, we say that the matrix M induces the matching field Λ. The weight of each variable P I is defined as the minimum weight of the terms of the corresponding minor of M, and it is called the weight induced by M. The weights induced by M on the variables P 123 , P 124 , . . ., P 345 are 9, 7, 5, 6, 4, 3, 6, 4, 3, 3, respectively. Thus, for each I = {i, j, k} we have that in M (P I ) = x 1i x 2 j x 3k for 1 ≤ i < j < k ≤ 5. Therefore, the matrix M induces Λ(3, 5). Below are the tableaux representing P I for each I: Definition 2.3. Given k, n and 0 ≤ ℓ ≤ n, we define the block diagonal matching field denoted by B ℓ = (1 · · · ℓ|ℓ + 1 · · · n) as the map from I k,n to S k such that
: otherwise.
These matching fields are called 2-block diagonal in [MS18] . Note that ℓ = 0 or n gives rise to the classical diagonal matching field as in Example 2.2.
Example 2.4. Given k, n and 0 ≤ ℓ ≤ n, the matching field B ℓ is induced by the matrix: 
and hence, it is coherent. We denote w ℓ for the weight vector induced by M ℓ .
Definition 2.5. Given a block diagonal matching field B ℓ , we denote the initial ideal of G k,n with respect to w ℓ by in w ℓ (G k,n ) and we define it as the ideal generated by polynomials in w ℓ ( f ) for all f ∈ G k,n , where
Definition 2.6. Given a block diagonal matching field B ℓ and a permutation w ∈ S n we define the ideal
This is equivalent to adding the variables P I , where I ∈ S w,k , to the initial ideal and then eliminating them. This can be computed using the function eliminate in Macaulay2 [GS] :
We say that the variable P I vanishes in G k,n,ℓ,w if I ∈ S w,k .
Matching field tableaux
The tableaux arisen in the theory of matching fields in [SZ93, MS18] will be the main tool in the proofs of our main results in §4. Here, we prove important properties about these tableaux. This section, while elementary, is the most technical part of the paper. We provide illustrative examples to make it easier to follow the proofs. The main ingredients needed for our main theorems in §4, about Grassmannians, are Lemmas 3.4 and 3.6 for Theorem 4.1, and Lemmas 3.9, 3.10 and 3.11 for Theorem 4.3. Other results are used to establish these main ingredients.
Throughout this section we fix a block diagonal matching field B ℓ = (B 1 |B 2 ) = (1 · · · ℓ|ℓ + 1 · · · n). For each collection I = {I 1 , . . ., I t } of non-empty subsets of [n] we denote by T I or, when there are few columns, by T I 1 ...I t the tableau with columns I i . The order of the elements in each column is given by the matching field B ℓ .
T X T Y 1 1 2 2 3 5 4 5 2 2 3 4 4 6 1 3 3 4 4 5 6 7 5 6 4 6 7 7 8 8 7 8
Figure 1: An example of a tableau for Gr(4, 8) with block diagonal matching field B 4 = (1234|5678). The columns appearing in the table from left to right are of type 4, 3, 3, 2, 2, 0, 1, 1. The tableau is partitioned into T X , whose column entries appear in increasing order, on the left and T Y on the right.
Quadratic relations among tableaux
Definition 3.1. Given a tableau T, for each column I ∈ T we say that I is of type |I ∩ B 1 |.
Importantly, if two tableaux are row-wise equal, then they have the same number of columns of each type. Also the columns in T whose entries do not appear in increasing order are exactly those of type 1. We distinguish these columns with the following notation.
Let X be the collection of all I ∈ I k,n for which B ℓ (I) = id and let Y be the collection of all I ∈ I k,n for which B ℓ (I) = (12). Equivalently, Y is the collection of all I of type 1 and X is the collection of all I of type 0, 2, 3, . . . , k. We denote by T X the sub-tableau of T whose columns lie in X and similarly T Y the columns of T which lie in Y . By convention, we write Definition 3.2. Suppose that T and T ′ are two tableaux that are row-wise equal. We say that T and T ′ differ by a swap, or T ′ is obtained from T by a quadratic relation, if T and T ′ are the same for all but two columns. If T and T ′ differ by a sequence of swaps, then we say T and T ′ are quadratically equivalent.
Example 3.3. Consider the diagonal matching field for Gr(3, 6) and the tableaux T 1 and T 3 below. Then T 1 is quadratically equivalent to T 3 with the following sequence of tableaux, .
We say that a tableau is in semi-standard form if its columns are strictly increasing and its rows are weakly increasing. In this example, T 3 is in semi-standard form. More generally for the diagonal matching field, if T is a tableau then there exists a unique semistandard tableau T ′ which is row-wise equal to T. Moreover, T ′ is obtained from T by a sequence of quadratic relations. This follows immediately by applying the following construction to every pair of columns in T. For any two k-subsets
Then T I J and T I ′ J ′ are row-wise equal, and
Let T be a tableau. By the above, we may change T X , by a series of quadratic relations, into semi-standard form. Similarly we may transform T Y so that the entries along each row are weakly increasing and we call this the semi-standard form of T Y . Unless stated otherwise, we assume that any tableau T is written with each part, T X and T Y , in semi-standard form, see, e.g. Figure 1 .
In the following two lemmas, we show how to make row-wise equal tableaux similar, by a sequence of quadratic relations.
Lemma 3.4. Suppose that T and T ′ are row-wise equal tableaux and the leftmost column of each is of type i where i ∈ {2, 3, . . ., k}. Then there exist tableaux S and S ′ quadratically equivalent to T and T ′ , respectively, such that S and S ′ contain an identical column of type i.
Proof. Let A = (a 1 , . . . , a k ) tr be the leftmost column of T and assume that it does not appear as a column in T ′ . Let B be the leftmost column of T ′ and similarly assume that it does not appear in T. Note that A and B have the same type and,
If b 2 a 2 then, without loss of generality, suppose that a 2 < b 2 . So a 2 appears in the second row of T ′ Y and we may swap a 2 and b 2 in T ′ . Thus, we may assume that b 2 = a 2 . Suppose j is the smallest index for which b j a j . Without loss of generality we may assume that a j < b j . So a j must appear in the j th row of
Note that B ′ and C ′ are valid tableaux because a j−1 < a j = c j and c j−1 < c j = a j < b j . So we may apply the following relation,
After applying this relation, we have reduced the number of differences in columns A and B. So by induction, we can find a sequence of swaps after which the leftmost column of T and T ′ are equal.
Example 3.5. Consider Gr(3, 6) with block diagonal matching field B 3 = (123|456). Each tableau T below is partitioned with T X on the left and T Y on the right, where each part is in semi-standard form. We show that T 1 is quadratically equivalent to T 3 with the following sequence of quadratic relations. Firstly, we may swap 2 and 3 in the second row of T 1 to obtain T 2 and then swap 5 and 6 from the first and second columns of T 2 to obtain T 3 .
T 1 = 1 4 5 3 1 2 5 6 6 T 2 = 1 4 5 2 1 3 5 6 6 T 3 = 1 4 5 2 1 3 6 5 6 Proof. Since the second row entries of T X and T ′ X lie in B 2 and the second row entries of T Y and T ′ Y lie in B 1 , by semi-standardness of the tableaux, it follows that the second row of T is identical to the second row of T ′ . Note that, if the first row of T Y is equal to the first row of T ′ Y , then the first row of T X is equal to the first row of T ′ X and vice versa because T X , T ′ X , T Y and T ′ Y are in semi-standard form. We proceed by induction on the number of differences in the first row of T and T ′ .
Suppose the first row of T is not equal to the first row of T ′ . Let us write the first row of T Y as (α 1 , α 2 , . . . , α t ) for some t ≥ 1, and similarly write (β 1 , β 2 , . . ., β t ) for the first row of T ′ Y . By assumption there exists 1 ≤ i ≤ t such that α i β i . Let i be the smallest such index. Let A = (a 1 , . . ., a k )
tr be the column of T Y whose first entry is α i = a 1 and let B = (b 1 , . . ., b k ) tr be the column of T ′ Y whose first entry is β i = b 1 . Since A and B are the i th column of T Y and T ′ Y , respectively, and the second rows are the same, we have that b 2 = a 2 . Assume without loss of generality that a 1 < b 1 . Since the tableaux are semi-standard and row-wise equal, there is a column C = (c 1 , . . ., c k ) tr in T ′ X where c 1 = a 1 . We distinguish the following cases: Case 1. b 1 < c 2 . Then we may swap a 1 and b 1 in T ′ . As a result columns A and B have the same entry in the first and second row and so we have reduced the number of differences in the first row.
Case 2.
. Now we take cases on d 1 and a 3 .
Case 2.i. d 1 < a 3 . Then we may swap d 1 and a 1 in T. As a result, columns C and D will have the same entries in the first and second row and so we have reduced the number of differences in the first row.
Case 2.ii.
. ., e k ) tr , see Figure 2 . Since a 1 < d 1 and T ′ X is in semi-standard form, column E is on the right side of column C. Therefore, we may swap the entries d 1 and a 1 in T ′ . So the first two entries of columns C and D are the same and we have reduced the number of differences in the first row.
Therefore, by induction on the number of differences in the first row of T and T ′ , we can apply quadratic relations to T and T ′ to ensure the first two rows are identical. .
We let A = (2, 1, 5) tr in T and B = (3, 1, 5) tr in T ′ . Then, following the proof, let C = (2, 4, 5) tr in T ′ . Since b 1 = 3 < 4 = c 2 we may swap 2 and 3 in the first row of T ′ . This makes the first two rows of T and T ′ identical.
For Lemma 3.6, Case 2.i, consider Gr(3, 7) with the block diagonal matching field B ℓ = (1|234567). Consider the tableaux T and T ′ below, .
Following the proof, since d 1 = 3 < 5 = a 3 we may swap d 1 and a 3 to obtain the tableauT with altered columnsD andÃ. Now observe that the first rows ofT and T ′ differ in only two positions, namely the second and third columns.
Finally for Lemma 3.6, Case 2.ii consider Gr(3, 8) with the block diagonal matching field B ℓ = (1|2345678). Consider the tableaux T and T ′ below,
′ to obtain the tableauT ′ . Notice that the first rows of T and T ′ differ in last three columns whereas the first rows of T andT ′ differ only in the third and fourth columns. To make the first two rows identical, we proceed by Case 2.i and swap 3 and 5 in the first row ofT ′ .
Plücker algebra of block diagonal matching field ideals.
Let A k,n be the Plücker algebra for Gr(k, n). We recall the definition of SAGBI basis 1 from [RS90] . In our setting, the set of Plücker forms {P I } I∈I k,n ⊂ K[x i j ] is a SAGBI basis for the Plücker algebra A k,n with respect to the weight vector w ℓ if for all I ∈ I k,n the initial form in w ℓ (P I ) is a monomial and in w ℓ (A k,n ) = K[in w ℓ (P I )] I∈I k,n . Here, w ℓ is the weight vector induced by the matrix M ℓ from Example 2.4.
We denote A ℓ for the algebra associated to the block diagonal matching field B ℓ . The algebra A ℓ has the standard grading and any monomial P I 1 P I 2 . . . P I t ∈ A ℓ is identified with a tableau of size k by t denoted by T I 1 I 2 ...I t . We show that the subspace [A ℓ ] 2 of A ℓ spanned by the monomials of degree two has a basis which is in a bijection with the set of semi-standard tableaux with two columns.
In combinatorial terms, for each matching field B ℓ we will construct a collection of twocolumn tableaux such that every two-column tableau is row-wise equal to exactly one tableau in the collection. Then we will show that this collection is in bijection with two-column tableaux in semi-standard form. We have already seen in Example 3.3 that semi-standard tableaux give a basis for [A 0 ] 2 and so this construction gives a strict generalization.
Definition 3.8. Fix Gr(k, n) and a block diagonal matching field B ℓ . We define T ℓ to be the collection of all tableaux T which follow. We partition T ℓ into types each of which is described below. We also define a map S taking each tableau T ∈ T ℓ to a semi-standard tableau S(T). Note that S(T) does not necessarily lie in T ℓ . We write,
Type 3B(r).
.
. . . . . .
Proof.
Recall the notation for tableaux in terms of its columns defined on Page 6. We will show that there is a tableau T I ′ J ′ ∈ T ℓ which is row-wise equal to the tableau T I J . We take cases on I and J. Case 1. B ℓ (I) = B ℓ (J) = id. The entries of T I J can be seen in Case 1 of Figure 3 . Let, 
Then T I ′ J ′ and T I J are row-wise equal and T I ′ J ′ is a tableau of type 2 in T ℓ . Case 3. B ℓ (I) B ℓ (J). Without loss of generality we assume B ℓ (I) = (12) and B ℓ (J) = id. The entries of T I J can be seen in Case 3 of Figure 3 .
Since B ℓ (I) = (12) it follows that i 1 ∈ B 1 and i 2 , . . . , i k ∈ B 2 . We now take cases on the type of J.
Case 3a. The type of J is 0 and i 2 < j 2 . Let,
So we have T I J is row-wise equal to T I ′ J ′ and T I ′ J ′ is a tableau of type 3A in T ℓ . Case 3b. The type of J is 0 and i 2 ≥ j 2 . Let r = min{t ≥ 2 : j t+1 > i t }. Let,
Note that for each t ∈ {3, . . . , r } we have that j t ≤ i t−1 < i t . So T I ′ J ′ is a tableau of type 3B(r) in T ℓ and T I J is row-wise equal to T I ′ J ′ . Case 3c. The type of J is s ≥ 2 and i 1 ≤ j 1 . Then let,
So we have T I J is row-wise equal to T I ′ J ′ and T I ′ J ′ is a tableau of type 3C(s) in T ℓ . Case 3d. The type of J is s ≥ 2 and i 1 > j 1 . Now if i 1 < j 2 then we may apply a quadratic relation to swap i 1 and j 2 . So without loss of generality we may assume that i 1 ≥ j 2 . Let, Proof. Consider the map φ B ℓ from Equation (2.1) in Page 5. Since Ker(φ B ℓ ) is generated by binomials, it suffices to show that if T I J and T I ′ ,J ′ ∈ T ℓ are row-wise equal then they are equal up to reordering the columns.
Recall that the type of a column I in T I J is |I ∩ B 1 | and if T I J and T I ′ J ′ are row-wise equal then their columns must have the same type up to reordering. So we may assume that |I ∩ B 1 | = |I ′ ∩ B 1 | and s = | J ∩ B 1 | = | J ′ ∩ B 1 |. Now we take cases on the type of T I J in T ℓ .
Type 1. In this case, we have that both T I J and T I ′ J ′ are in semi-standard form. Since the rows are weakly increasing, it follows that these tableaux must be equal.
Type 2. Again we see that T I J and T I ′ J ′ are equal since the rows are weakly-increasing. Type 3. We assume that B ℓ (I) = (12) and B ℓ (J) = id. Note that the columns J and J ′ have the same type denoted s. If s = 0 then T I J and T I ′ J ′ are either of type 3A or 3B, see Page 11. Otherwise s ≥ 2 and T I J and T I ′ J ′ are either of type 3C or 3D, see Page 12. In both cases we write,
Case 1. Let s = 0, i.e. T I J and T I ′ J ′ are either of type 3A or 3B. Since i 1 , i ′ 1 are the only elements of I and J that belong to B 1 , it follows that i 1 = i ′ 1 . Hence, by row-wise equality of T I J and T I ′ J ′ we have j 2 = j ′ 2 . If i 2 < j 2 then we have that T I J is of type 3A. By row-wise equality of T I J and T I ′ J ′ we have {i ′ 2 , j ′ 1 } = {i 2 , j ′ 1 } and so i ′ 2 < j ′ 2 . Therefore T I ′ J ′ is also of type 3A. By definition of type 3A, the rows are weakly increasing and so T I J and T I ′ J ′ are equal.
If, on the other hand, i 2 ≥ j 2 then T I J is of type 3B. Note that j
. By row-wise equality of T I J and T I ′ J ′ we deduce that i 2 = i ′ 2 and j 1 = j ′ 1 . Therefore T I ′ J ′ is also of type 3B. For each t ∈ {2, . . . , r } where r = min{t ≥ 2 : j t+1 > i t } we show that i t = i ′ t . Suppose by contradiction that i t i ′ t for some t ∈ {2, . . ., r }. We take t to be the smallest such value. Note that i 2 = i ′ 2 so we may assume 3 ≤ t ≤ r. By row-wise equality of T I J and T I ′ J ′ , since i ′ t i t so i ′ t = j t . By definition of r we have j t ≤ i t−1 . By assumption t was minimal so i t−1 = i ′ t−1 . So we have deduced that i ′ t ≤ i ′ t−1 , a contradiction. Therefore
. ., i r = i ′ r . Next, we will show that j 
So we have shown that r = min{t ≥ 2 : j ′ t+1 > i ′ t }. Therefore both T I J and T I ′ J ′ are of type 3B(r). Therefore we have Case 2. Let s ≥ 2, i.e. T I J and T I ′ J ′ are either of type 3C or 3D. Consider the first row of the tableaux T I J , since i 2 , i ′ 2 ∈ B 2 and j 1 , j ′ 1 ∈ B 1 it follows that i 2 = i ′ 2 and j 1 = j ′ 1 . If i 1 ≤ j 1 then T I J is of type 3C(s) and i 1 = i ′ 1 and j 2 = j ′ 2 . So T I ′ J ′ is also of type 3C(s). Since j 3 , . . ., j s , j ′ 3 , . . . , j ′ s ∈ B 1 and i 3 , . . ., i s , i ′ 3 , . . . , i ′ s ∈ B 2 it follows that i 3 = i ′ 3 , . . . , i s = i ′ s and j 3 = j ′ 3 , . . ., j s = j ′ s . Since i s+1 ≤ j s+1 , . . ., i k ≤ j k and i ′ s+1 ≤ j ′ s+1 , . . . , i ′ k ≤ j ′ k so by row-wise equality of T I J and T I ′ J ′ we deduce that i s+1 = i ′ s+1 , . . . , i k = i ′ k . And so T I J and T I ′ J ′ are equal. If i 1 > j 1 then T I J is of type 3D(s). We deduce that i ′ 1 > j 1 because by row-wise equality of T I J and
. By the definition of 3D(s) we have i 1 ≤ j 2 and i
by row-wise equality of T I J and T I ′ J ′ we deduce that i s+1 = i ′ s+1 , . . . , i k = i ′ k . And so T I J and T I ′ J ′ are equal. Hence, the proof is complete for the case when T I J and T I ′ J ′ are either of type 3C or 3D. So we have shown that T ℓ is a linearly independent set.
Lemma 3.11. The map T → S(T) is a bijection between T ℓ and the set of semi-standard tableaux with two columns and k rows.
Proof. We will show that the inverse to the map S from Definition 3.8 exists by constructing the map explicitly. Fix a semi-standard tableau,
We now take cases on i 1 , i 2 , j 1 and j 2 . If we have one of,
then we have that S −1 (T) = T is a tableau of type 1.
If i 1 , j 1 ∈ B 1 and i 2 , j 2 ∈ B 2 , then we have that S −1 (T) = T ′ is a tableau of type 2, where If i 1 ∈ B 1 and j 1 , i 2 , j 2 ∈ B 2 , then there are two cases, either i 2 ≤ j 1 or i 2 > j 1 . Case 1. i 2 ≤ j 1 . Then S −1 (T) = T 1 in Figure 4 is a tableau of type 3A. Figure 4 is a tableau of type 3B(r).
If i 1 , j 1 , i 2 ∈ B 1 and j 2 ∈ B 2 , then there are two cases, either j 1 < i 2 or j 1 ≥ i 3 . Case 1. j 1 < i 2 . Then S −1 (T) = T 3 in Figure 4 is a tableau of type 3C(s), where Figure 4 is a tableau of type 3D(s), where
So for each ℓ ∈ {0, 1, . . . , n − 1} we have shown that T ℓ is a basis for [A ℓ ] 2 and there is a bijection between T ℓ and semi-standard tableaux with two columns.
Toric degenerations of Grassmannians
In this section, we state our main results for Grassmannians, where we generalize the results of [MS18] from Gr(3, n) to higher-dimensional Grassmannians. Proof. Suppose that T and T ′ are two row-wise equal tableaux. The statement is equivalent to proving that T and T ′ differ by a sequence of swaps. We proceed by induction on the number of columns in T and T ′ . We will assume that T and T ′ contain no identical columns, otherwise we may remove these columns from the subsequent manipulations and apply induction. Note that if T and T ′ contain two or fewer columns then we are done.
Suppose that the leftmost column of T and T ′ is of type i where i ∈ {2, 3, . . ., k}. Then by Lemma 3.4 we may perform a sequence of swaps to reduce the number of different columns in T and T ′ . Suppose that T and T ′ contain only columns of type 0 and 1. Then by Lemma 3.6 we may perform a sequence of swaps to make the first two rows of T and T ′ identical. Let A = (a 1 , a 2 , . . ., a k ) tr be the leftmost column of T X of type 0. Let B = (b 1 , b 2 , . . ., b k ) tr be the leftmost column in T ′ X . By assumption we have that b 1 = a 1 and b 2 = a 2 . Since A B, let i ≥ 3 be the smallest index such that b i a i . Without loss of generality suppose that a i < b i . Since T X and T ′ X are in semi-standard form, there is a column C = (c 1 , . . ., c k ) tr in T ′ Y such that c i = a i . Then we may apply the relation in Figure 5 . So we have reduced the number of differences in the leftmost column of T and T ′ . So, by induction on the number of differences in the left column, we can find a sequence of swaps which makes the leftmost column of T and T ′ equal, which completes the proof.
Example 4.2. Following the proof above, if the leftmost column of T and T ′ is of type i where i ∈ {2, 3, . . ., k} then consider Example 3.5 in §3.1. This example gives a typical manipulation of the tableaux to reduce the number of differences in the leftmost column.
If the leftmost column of T and T ′ is of type 0 or 1, then Example 3.7 shows how to make the first and second rows of T and T ′ identical. Continuing this example, we consider the tableaux T and T ′ below.
Following the notation of the proof of Theorem 4.1, we label the columns with A, B and C. We obtain the tableauT from T by swapping the entries 6, 7 in column B with 4, 5 in column C. As a result the leftmost column ofT and T ′ are identical.
We now turn our attention to one of the main results of our paper. Before giving the proof of Theorem 4.3 we recall from §3.2 on Page 10 that in w ℓ (A k,n ) = K[in w ℓ (P I )] I∈I k,n and A ℓ is the graded algebra associated to the block diagonal matching field B ℓ . We show that the subspace [A ℓ ] 2 of A ℓ spanned by the monomials of degree two has a basis which is in a bijection with the set of semi-standard tableaux with two columns.
Proof. By Theorem 4.1 it suffices to show that dim(
. By a classical result, [A 0 ] 2 has a basis given by the set of semi-standard tableaux with two columns and k rows. By Lemma 3.9 and 3.10 we have that [A ℓ ] 2 has a basis given by T ℓ from Definition 3.8. And by Lemma 3.11 we have that T → S(T) is a bijection, as desired.
As a corollary of the above statements and [Stu96, Theorem 11.4] we have that:
Corollary 4.4. Each block diagonal matching field produces a toric degeneration of Gr(k, n). Equivalently, the Plücker forms are a SAGBI basis with respect to the weight vectors arising from block diagonal matching fields.
Remark 4.5. We remark that this result is a generalization of Corollary 1.5 in [MS18] for Gr(3, n). Moreover, our combinatorial description of SAGBI bases of Grassmannians leads to analogous results for flag varieties. Using combinatorial tools of matching field tableaux we have provided a family of toric degenerations of flag varieties and Schubert varieties inside them in [CM19a, CM19b] .
Following [MS18] , we define the matching field polytope as follows. Given a k×n matching field, the matching field polytope is the convex hull of the points in R k×n associated to the k-subsets of [n]. See [MS18, Section 5] for more details. For a coherent matching field Λ, this polytope coincides with the polytope of the toric variety defined by the ideal of the matching field J Λ . Hence, its combinatorial invariants carry on a lot of information about the variety. For example, the normalized lattice volume of such polytope is equal to the degree of its corresponding variety. Moreover, by comparing the polytopes of different toric varieties arisen in our construction, we can check whether they lead to non-isomorphic varieties.
Notice that up to isomorphism, there are seven polytopes associated to the trop(Gr(3, 6)) and four of them can be obtained as polytopes of block diagonal matching fields. See [HJJS09] for further details.
Here, we summarize our computational results on matching field polytopes.
Remark 4.6. Using polymake [GJ00] we computed the f-vectors of the polytopes associated to toric ideals of block diagonal matching fields, see Table 5 . In particular, Table 5 shows that almost all toric ideals obtained by our construction are non-isomorphic. Note that for some values of ℓ, the f-vector is the same but the polytopes are non-isomorphic. For instance, in the case of Gr(3, 6) and Gr(4, 7) the polytopes associated to the block diagonal matching fields B ℓ , for ℓ = 1 and ℓ = 2 have the same f-vectors however, by computing their face lattice, we can show they are non-isomorphic. For some values of ℓ, the matching field ideal is trivially isomorphic to the diagonal case, so we list only the f-vectors for the cases 0 ≤ ℓ ≤ n − k + 1.
Toric degeneration of Schubert varieties inside Grassmannians
In this section, we apply our results from §4 for Grassmannains to provide a family of toric degenerations for Schubert varieties. Our aim is to answer the following question which is a reformulation of Degeneration Problem posed by Caldero in [Cal02] , in our setting.
Question 5.1. Characterize non-zero toric ideals of type G k,n,ℓ,w .
We provide a complete answer to Question 5.1. In particular, we give a complete characterization of toric ideals of type G k,n,ℓ,w from Definition 2.6. We will first distinguish such ideals which are non-zero in Proposition 5.2 and then in Theorem 5.7 we provide a list of combinatorial conditions which lead to toric ideals.
Proposition 5.2. The ideal G k,n,ℓ,w is zero if and only if w ∈ Z k,n , where
Proof. To begin we show that G k,n,ℓ,w is zero for each w ∈ Z k,n . We distinguish two cases:
Then the only variables P I which do not vanish in G k,n,ℓ,w are indexed by:
Suppose by contradiction that G k,n,ℓ,w is non-zero. Then there is a non-trivial relation P I P J = P I ′ P J ′ in in w ℓ (G k,n ) for which P I and P J do not vanish. Write I = {1, . . ., k − 1, j 1 } and J = {1, . . ., k − 1, j 2 }. Note that as multisets I ∪ J and I ′ ∪ J ′ are identical and so I ′ and J ′ each contain 1, . . ., k − 1. So either I ′ = I or I ′ = J, hence the relation is trivial, a contradiction. Therefore, G k,n,ℓ,w is zero.
Case 2. Let w = (1, 2, . . .,î, . . ., k, k + 1) for some 1 ≤ i ≤ k − 1. Then the only variables P I which do not vanish in G k,n,ℓ,w are indexed by:
Suppose by contradiction that G k,n,ℓ,w is non-zero. Then there is a non-trivial relation P I P J = P I ′ P J ′ in in w ℓ (G k,n ) for which P I and P J do not vanish. Write I = {1, . . . ,ĵ 1 , . . . , k + 1} and J = {1, . . . ,ĵ 2 , . . . , k + 1}. Note that as multisets I ∪ J and I ′ ∪ J ′ are identical and so I ′ and J ′ each contain 1, . . .,ĵ 1 , . . . ,ĵ 2 , . . . , k + 1. So either I ′ = I or I ′ = J, hence the relation is trivial, a contradiction. So G k,n,ℓ,w is zero.
Conversely, let w = (w 1 , . . ., w k ) be a Grassmannian permutation not in Z k,n . We will show that G k,n,ℓ,w is non-zero. Note that for k = 1 the result is trivial. The cases k = 2 and k = 3 hold by Lemma 5.3 and Lemma 5.4, respectively. So it remains to show the result for k ≥ 4.
Let k ≥ 4. We will find a relation P I P J = P I ′ P J ′ in in w ℓ (G k,n ) for which P I and P J do not vanish in G k,n,ℓ,w . First, note that there exists 1 ≤ i ≤ k − 1 such that w i i, otherwise 
Since j ≤ k + 1 and i ≤ k − 1 we have I, J ≤ {1, 2, . . . ,î, . . . ,ĵ, . . ., k + 2}. Therefore P I and P J do not vanish in G k,n,ℓ,w . Let,
Now we show that P I P J = P I ′ P J ′ is a relation in in w ℓ (G k,n ). We recall that k ≥ 4. Since each set I, I ′ , J, J ′ contains 1 and 2, it follows that B ℓ (I) = B ℓ (I ′ ) = B ℓ (J) = B ℓ (J ′ ). And so, in the true ordering of the sets I, I ′ , J, J ′ , the final two entries of each ordered set are the largest two elements which are in increasing order. Since I, I
′ , J, J ′ agree on all entries except the final two, it follows that P I P J = P I ′ P J ′ is a relation in in w ℓ (G k,n ).
Lemma 5.3. Fix n and let k = 2. Let B = B ℓ be a block diagonal matching field. If w = (w 1 , w 2 ) Z 2,n is a Grassmannian permutation then G k,n,ℓ,w is non-zero. Proof. We write B ′ for the restriction of B to {1, 2, 3, 4}. That is, if
) and ℓ ′ = min{4, ℓ}. Let v = (2, 4). Note that Z 2,n = {(1, 2), (1, 3) , . . . , (1, n), (2, 3)} so if w Z 2,n then we have w 1 ≥ 2 and w 2 ≥ 4. Therefore v ≤ w. For each possible ℓ ′ ∈ {0, 1, 2, 3, 4} we see from Table 1 that G 2,4,ℓ ′ ,v is non-zero which completes the proof.
Lemma 5.4. Fix n and let k = 3. Let B = B ℓ be a block diagonal matching field. If w = (w 1 , w 2 , w 3 ) Z 3,n is a Grassmannian permutation then G k,n,ℓ,w is non-zero. Proof. Denote by B ′ the block diagonal matching field B restricted to {1, . . . , 6}. If each entry w i ∈ {1, . . . , 6}, then w is a Grassmannian permutation for Gr(3, 6) which is not in Z 3,6 . In Table 2 we have verified the result for Gr(3, 6), and so G 3,6,ℓ ′ ,w is non-zero. So there is a relation P I P J = P I ′ P J ′ such that P I and P J do not vanish in G 3,6,ℓ ′ ,w . Similarly P I and P J do not vanish in G 3,n,ℓ,w , hence G 3,n,ℓ,w 0.
On the other hand, if we do not have each w i in {1, . . ., 6}, then we consider v = (1, 3, 6) Z 3,n . Since w Z 3,n we must have w 1 ≥ 1, w 2 ≥ 3 and by assumption w 3 > 6. Therefore v ≤ w. By the calculation in Table 2 we have that G 3,6,ℓ ′ ,v is non-zero and so there is a relation P I P J = P I ′ P J ′ such that P I and P J do not vanish in G 3,6,ℓ ′ ,v . Since I, J ≤ v ≤ w we have that P I and P J do not vanish in G 3,n,ℓ,w . Therefore, G 3,n,ℓ,w is non-zero. Proposition 5.5. For the diagonal matching field, all non-zero ideals G k,n,ℓ,w are toric.
Proof. For diagonal matching field we have ℓ = 0. Suppose G k,n,ℓ,w is non-zero and write w = (w 1 < · · · < w k ). Let P I and P J be variables which do not vanish in G k,n,ℓ,w and suppose that I and J are incomparable. Write I = {i 1 < · · · < i k } and J = { j 1 < · · · < j k }. We show that P I∧J and P I∨J do not vanish in G k,n,ℓ,w , where
However, this is immediate since P I and P J do not vanish. Hence, for every t ∈ [k] we have i t ≤ w t and j t ≤ w t . Therefore P I P J − P I∧J P I∨J is a relation in G k,n,ℓ,w and in particular the ideal contains no monomials, hence it is toric.
Remark 5.6. The ideal G k,n,ℓ,w is known as Hibi ideal [Hib87] . The generators P I P J −P I∧J P I∨J can be read from the distributive lattice {I ⊆ [n] : P I does not vanish in G k,n,ℓ,w }.
Theorem 5.7. Let w = (w 1 , . . . , w k ) be a permutation of k indices in [n] . Then the ideal G k,n,ℓ,w is non-toric if and only if the following hold:
Proof. Fix ℓ ∈ {0, 1, . . . , n − 1}. If ℓ = 0 then by Proposition 5.5 we have that for any w, G k,n,ℓ,w is either toric or zero. So we may assume that ℓ > 0. Suppose that w satisfies the given conditions and write B for B ℓ . We will construct a relation P I P J = P I ′ P J ′ for which only P I ′ vanishes in G k,n,ℓ,w . For ease of notation let u = (w 3 , . . ., w k ). Suppose that w 1 ∈ B 1 . Then consider the following relation among the Plücker variables P w 2 ,w 1 ,u P 1,w 1 +1,u = P w 2 ,w 1 +1,u P 1,w 1 ,u .
Note that the relation is given with indices ordered according to the matching field B, By assumption, 1 < w 1 < w 1 + 1 < w 2 < · · · < w k so in the above expression the only variable to vanish in G k,n,ℓ,w is P w 2 ,w 1 +1,u because,
(1, w 1 , u) < (1, w 1 + 1, u) < (w 1 , w 2 , u) = w whereas (w 1 +1, w 2 , u) (w 1 , w 2 , u). Therefore, G k,n,ℓ,w is non-toric as it contains the monomial P w 2 ,w 1 ,u P 1,w 1 +1,u . Now suppose that w 1 ∈ B 2 . Then we consider the relation P w 1 +1,1,u P w 1 ,w 2 ,u = P w 1 +1,w 2 ,u P w 1 ,1,u among the Plücker variables. Similarly, in the above relation the only variable to vanish in G k,n,ℓ,w is P w 1 +1,w 2 ,u . So G k,n,ℓ,w contains the monomial P w 1 +1,1,u P w 1 ,w 2 ,u and hence is non-toric. For the converse, suppose G k,n,ℓ,w is non-toric. We proceed by induction on k and n, reducing to the cases with k = 3 and n = 6 in which w has the desired form by direct computation.
Suppose k > 3, we reduce to the case k = 3 as follows. Write w = (w 1 < · · · < w k ). By assumption G k,n,ℓ,w is non-toric and so contains a monomial P I P J for some subsets I = {i 1 , . . ., i k } and J = { j 1 , . . ., j k }. In Gr(k, n) this monomial belongs to a relation P I P J = P I ′ P J ′ where at least one of the variables P I ′, P J ′ vanishes in G k,n,ℓ,w . Assume that I ′ = {i ′ 1 , . . ., i ′ k } and J ′ = { j ′ 1 , . . . , j ′ k }. Now we take cases on i ′ k ∈ {i k , j k }. Case 1. Let i ′ k = i k . Hence j ′ k = j k . By assumption neither P I nor P J vanishes in G k,n,ℓ,w so i k , j k ≤ w k . Therefore P I\i k P J\ j k does not vanish in G k−1,n,ℓ,w ′ where w ′ = (w 1 , . . . , w k−1 ). However in G k,n,ℓ,w we must have that either P I ′ or P J ′ vanishes so either I ′ w or J ′ w.
. ., w k−1 ). Hence P I ′ P J ′ vanishes in G k−1,n,ℓ,w ′ . And so the relation P I\i k P J\ j k = P I ′ \i ′ k P J ′ \ j ′ k gives rise to the monomial P I\i k P J\ j k in G k−1,n,ℓ,w ′ .
Case 2. Let i ′ k = j k and i ′ k i k . Now if we have I \ i k I ′ \ i ′ k then we may use the same argument above to show that P I\i k P J\ j k is a monomial in G k−1,n,ℓ,w ′ . Otherwise I \ i k = I ′ \ i ′ k and hence J \ j k = J ′ \ j ′ k . But then we have, I ′ ≤ w and J ′ ≤ w since i k , i ′ k , j k , j ′ k ≤ w k . And so P I ′ P J ′ does not vanish in G k,n,ℓ,w , a contradiction. So we have shown that all permutations w for which G k,n,ℓ,w are non-toric arise from those in G k−1,n,ℓ,w ′ . So we can reduce to the case with k = 3.
So we may assume that k = 3. Now, we consider the monomial P I P J contained in G k,n,ℓ,w . Since we have that |I ∪ J | ≤ 6, we may reduce to the corresponding case with k = 3 and n = 6. See Table 2 for the list of toric ideals among G 3,6,ℓ,w .
Example 5.8. Here, we provide illustrative examples of binomial relations used throughout the proof of Theorem 5.7. Let n = 9, k = 4, B ℓ = (1234|56789) and w = (2, 5, 8, 9). We consider G k,n,ℓ,w , to show that it is non-toric. Consider the relation P 5289 P 1389 = P 5389 P 1289 in G k,n,ℓ,w . Note that the left hand side does not vanish in G k,n,ℓ,w however (5, 3, 8, 9) (2, 5, 8, 9) so the right hand side vanishes. Suppose we are told that G k,n,ℓ,w is non-toric with n, k, ℓ and w as above. And in particular suppose we are given that the ideal contains the monomial P 5278 P 1389 . Suppose it is obtained from the relation, P 5278 P 1389 = P 5389 P 1278 where the right hand side vanishes but the left hand side does not. We now consider G k−1,n,ℓ,w ′ where w ′ = (2, 5, 8). This is non-toric because it contains the monomial P 527 P 128 arising from P 527 P 138 = P 538 P 127 . To reduce to the case with n = 6 we consider the entries in the indices Table 4 : For each k, n we calculate the percentage of pairs (ℓ, w) for which G k,n,ℓ,w is toric.
of the above relation. These entries are E = {1, 2, 3, 5, 7, 8}. So, under the order-preserving bijection between E and {1, 2, 3, 4, 5, 6}, the above is equivalent to looking at G 3,6,ℓ ′ ,w ′′ where w ′′ = (2, 4, 6) and ℓ ′ = 3. Under the bijection, the relation becomes P 425 P 136 = P 436 P 125 . Note that the right hand side vanishes but the left hand side does not. So w ′′ satisfies the criteria of Theorem 5.7 and so, under the bijection, w ′ and w also satisfy these criteria.
Example 5.9. In Tables 1 and 2 we list all Grassmannian permutations w, and all block diagonal matching fields B ℓ whose corresponding ideal G 2,4,ℓ,w and G 3,6,ℓ,w is either toric or zero. Also, we can explicitly calculate the number and so the percentage of pairs (ℓ, w) for which G k,n,ℓ,w is toric. See Tables 3 and 4 .
Remark 5.10. Fix k and n. We can explicitly count the number of distinct pairs (ℓ, w) for which G k,n,ℓ,w is zero. By Proposition 5.2 there are exactly n 2 such pairs. Similarly, we can count the number of pairs (ℓ, w) for which G k,n,ℓ,w is non-toric. By Theorem 5.7 there are exactly 2 n−1 k+1 such pairs. In total there are n n k distinct pairs (ℓ, w), and so there are n n k − 2 n−1 k+1 − n 2 pairs which give rise to toric ideals of type G k,n,ℓ,w inside Schubert varieties.
